Abstract. The proper understanding of the electromagnetic counterpart of gravity-waves emitters is of serious interest to the multimessenger astronomy. In this article, we study the numerical stability of the quasinormal modes (QNM) and quasibound modes (QBM) obtained as solutions of the Teukolsky Angular Equation and the Teukolsky Radial Equation with appropriate boundary conditions. We use the epsilon-method for the system featuring the confluent Heun functions to study the stability of the spectra with respect to changes in the radial variable. We find that the QNM and QBM are stable in certain regions of the complex plane, just as expected, while the third "spurious" spectrum was found to be numerically unstable and thus unphysical. This analysis shows the importance of understanding the numerical results in the framework of the theory of the confluent Heun functions, in order to be able to distinguish the physical spectra from the numerical artifacts.
1 The spectra of the black holes and other compact massive objects in the Kerr space-times.
The quest for understanding ultra-energetic events such as gamma-ray bursts, active-galactic nuclei, quasars etc. passes through understanding of the compact massive objects which are thought to be their central engine -the rotating black holes, magnetars, binary neutron stars, etc.. For this, one needs to make a clear difference between theoretical, numerical and observational black hole (BH) and also, to keep account of the strengths and the weaknesses of the methods -numerical and observational -when working with the different types of objects.
In the case of black holes candidates in the role of central engines, the theoretical energy extraction processes of ultra-relativistic jets (such as the Penrose process or the Blandford-Znajek process) should depend on the rotational BH parameter (a * ), with a predicted threshold for effective jet launching to be around a * > 0.5, with more conservative estimate at a * ∼ 0.8 [Maraschi et al. (2012) ]. Observationally, the measured rotational parameters seem to follow this requirement -a list of measured a * can be found in Table  1 in [Kong et al. (2014) ]. From it, one can see that in general, the measurements correspond to the expectations. There is, however, a catch. The measurement of the spins of the black hole candidates is not independent -it depends critically on the measurement of their masses, which comes with serious incertitude [Mukhopadhyay et al. (2012) ]. One such example is the black hole candidate GRO J0422+32. Its mass was estimated to 3.97 ± 0.95M ⊙ [Gelino and Harrison (2003) ] but further analysis showed that its mass can be as low as 2.1M ⊙ [Kreidberg et al. (2012) ] -thus putting it in the massinterval of neutron stars (M ≤ 2.2M ⊙ )). In the same article, a number of other black hole candidates have their masses re-examined and corrected, which poses a serious question about all the results on black hole candidates. Additionally, in , Bambi et al. (2010) ] it was demonstrated that numerous black hole candidates can be fitted by super-spinars (objects with a * > 1), thus showing that the X-ray spectrum is not enough to fix the spin of the black hole candidate. Considering the importance of the mass-spin measurement for the modeling of astrophysical jets, it is clear that there is an acute need for a better understanding of the theory of the rotating black hole.
The vacuum solution of the Einstein equations which may be used for description of a rotating massive compact object (black hole or super-spinar) is the Kerr metric. The Kerr metric depends only on 2 parameters -the rotation a 4 and the mass M . While there is a known theoretical problem in using the Kerr metric for objects different from rotating black holes (the problem of finding interior "matter" solution matching the exterior vacuum Kerr solution), it is thought that it approximates well enough any distant rotating compact massive object, the precise type of the object being specified by the boundary conditions imposed additionally on the given by the metric spacetime to fix its physical content, like black holes, super-spinars, etc. . Confirming that the observational spectra indeed coincide with the Kerr black hole spectra, is an important task facing astronomy and astrophysics.
For a long time, the theory of perturbations was the only viable method of dealing with different type of matter in the Kerr metric, or to study evolution of several interacting black holes. In the past decade, the perturbation theory has been replaced by the much more sophisticated, but also computationally expensive and complicated numerical relativity simulations method. The theory of perturbations, however, still has place in the study of this type of objects, allowing a clearer view of the purely gravitational properties of the system. Moreover, the important role of perturbative approach has been confirmed by full-GR numerical calculations. In the theory of perturbations, the characteristic ring-down of the black hole, as a result of perturbation, is dominating in later epochs through the complex frequencies called the quasinormal modes (QNMs). The QNMs were used for the first wave-templates for gravitational detectors. They were also observed in the late-time evolution of GRMHD simulations. Finally, QNMs were used in full GR simulations as a marker of the end of the merger phase [Kobayashi and Meszaros (2003) ].
In [Staicova and Fiziev (2015) ] we presented the quasinormal and quasibound spectra of the Kerr metric obtained by using a novel approach of solving the governing equations in terms of the confluent Heun functions and imposing the required boundary conditions directly on them. While this method allowed us to obtain both well-known old and also some new results, the novelty of the method makes its numerical stability uncharted. In the current paper, we study in detail the numerical stability of those spectra which is crucial for further use of the method and the results. In particular, we demonstrate the numerical stability with respect to deviations in the actual radial infinity and the position in the complex plane of the radial variable, proving that the so obtained quasinormal and quasibound spectra are indeed stable, as expected from the theory, and we show a counter-example of a spurious spectrum which despite being a root of the system of equations under consideration, does not satisfy the criteria for numerical stability and is thus non-physical.
The Teukolsky Angular and Radial Equations
The linearized perturbations of the Kerr metric are described by the Teukolsky Master equation, from which under the substitution Ψ = e i(ωt+mφ) S(θ)R(r) one obtains the Teukolsky Radial Equation (TRE) and the Teukolsky Angular Equation (TAE) [Teukolsky (1972) , Bardeen, Press and Teukolsky (1972) , Teukolsky (2014) ] ( where m = 0, ±1, ±2 for integer spins and ω is the complex frequency). The TAE and TRE describe on the same footing perturbations with different spin ( scalar waves, fermions, electromagnetic and gravitational waves) without taking into account of the origin of the perturbation. Their numerical solutions have provoked the creation of numerical methods aimed at solving the non-trivial transcendental system of differential equations through different approximations, the most well-known being the method of continued fractions and that of direct integration performed by Leaver and Andresson ( [Chandrasekhar and Detweiler (1975) , Detweiler (1976) , Detweiler (1980) , Leaver (1985) , Leaver (1986) , Andersson (1992) , Berti (2004) , Fiziev (2006) ], [Ferrari and Gualtieri (2007) ,Onozawa (1997), Berti et al. (2009 ),Fiziev (2010 ]. For a review on the methods for studying the QNM spectra, see [Konoplya and Zhidenko (2011)] .
The TRE and the TAE are coupled differential equations for whose solutions one needs to impose the appropriate boundary conditions on the boundaries of the physical interval of interest. Depending on the boundary conditions, one obtains as solutions of system the quasinormal spectra (black hole boundary conditions, see below), the quasibound spectra (resonant waves) or total-transmission modes (waves moving in one direction, i.e. entirely to the left or to the right). All of them are discrete spectra of complex, possibly infinite number of frequencies (numbered by n), which dominate the late-time evolution of the object's response to perturbations. Unlike normal modes, QNMs do not form a complete set, because the mathematical problem is not selfadjoint. Therefore, one cannot analyze the behavior of the system entirely in terms of QNMs. The QNMs, however, can be used to discern a black hole from other compact massive object -such observational test was proposed in [Dreyer et al. (2004) ], and for a theoretical estimate of the EM output for non-rotating BH - [Clarkson et al. (2004) ].
Explicitly, the TAE and the TRE are:
and
where ∆ = r 2 − 2M r + a 2 = (r − r − )(r − r + ), K = −ω(r 2 + a 2 ) − ma, λ = E − s(s + 1) + a 2 ω 2 + 2amω and u = cos(θ). We fix s = −1 for the spin of the perturbation and r ± = M ± √ M 2 − a 2 are the two horizons of the BH. The problem has two known parameter: the mass M and the rotation a and two unknown parameters: the frequency ω and the constant of separation of the angular equation E. Depending on the sign of the imaginary part of the frequency one can consider both perturbations damping with time, ℑ(ω) > 0, (the QNM case) and also perturbations growing exponentially with time, ℑ(ω) < 0 (the QBM case).
For details on the different classes of solutions of the TAE and the TRE EM perturbations (s = −1), see [Fiziev (2010) , Staicova and Fiziev (2015) ]. Here we will present only the equations we use to solve the system.
The equation governing the spectrum of the TAE is:
where z 1 = cos(θ/2) 2 , z 2 = sin(θ/2) 2 and the parameters are: For the case m = 0:
For the case m = 1:
The equation governing the spectrum of the TRE is:
where z = − r−r + r + −r − and the parameters are:
Here the HeunC(α, β, γ, δ, η, z) is the confluent Heun function -the unique local Frobenius solutions of the second-order linear ordinary differential equation of the Fuchsian type [Slavyanov (2000) , Decarreau et al. (1978) ], [Decarreau et al. (1995) ] with 2 regular singularities (z = 0, 1) and one irregular (z = ∞), normalized to 1 at z = 0 ( [Fiziev (2006) , Fiziev (2010) , Staicova and Fiziev (2010) , ], [Fiziev and Staicova (2012) ]). The singularities of the TAE are the poles of the sphere (regular) and infinity (irregular), those of the TRE are the two horizons: r = r ± (regular) and r = ∞ (irregular).
Boundary conditions
In order to obtain the spectrum, one needs to impose specific boundary conditions.
For the angular equation, one requires angular regularity. The Wronskian of two solutions regular around one of the poles, S 1 (θ) and S 2 (θ), should become equal to zero, i.e.
where the derivatives are with respect to z, and we use θ = π/3 (the QNM should not depend on the value of the parameter θ in the spectral conditions).
The parameter "p" can be found in [Staicova and Fiziev (2015) ]. For the radial equation, one can impose the black hole boundary conditions (BHBC): waves going simultaneously into the event horizon (r + ) and into infinity; or the quasibound boundary conditions (QBBC): waves going simultaneously out of the event horizon (r + ) and out of infinity [Staicova and Fiziev (2010) , Staicova and Fiziev (2015) ]. Those two conditions lead to:
-BHBC: For m = 0, the only valid solution is R 2 , while for m = 0, the solution R 2 is valid for frequencies for which ℜ(ω) ∈ (− ma 2M r + , 0). Also, it requires that: sin(arg(ω)+arg(r)) < 0 (the direction of steepest descent).
-QBBC: For m = 0, the only valid solution is R 1 , while for m = 0, the solution R 1 is valid for frequencies for which ℜ(ω) ∈ (− ma 2M r + , 0). Also, it requires that: sin(arg(ω)+arg(r)) > 0.
The total-transmission modes (TTM) do not appear in the EM case, in contrast to the gravitational case.
Here, we will use the ǫ-method [Staicova and Fiziev (2015) ] in its most direct form r = |r|e i arg(r) to vary arg(r), and afterwards we will check whether the BHBC or the QBBC are satisfied.
Numerical methods
In order to obtain the spectrum ω n,m (a), we will set the mass to M = 1/2 and the radial infinity to |r| = 110 (where not stated otherwise) and we will solve Eqs. (4) and (3). The system of two equations featuring the confluent Heun functions will be solved by the two-dimensional Müller algorithm, developed by the team [Fiziev and Staicova (2012) ]. The algorithm is realized in maple code and the numbers presented below are obtained using maple 18 and 2015. The software floating point number (the parameter "Digits") is set to 64 (unless stated otherwise), the precision of the algorithm -to 25 digits.
Note that the numerical error due to the integration is hidden in the evaluation of the confluent Heun function which depends on the Maple parameter "Digits". With current algorithms, one is not able to set the final number of stable digits in the HeunC evaluation, but one can request the integration to be performed with certain precision, controlled by "Digits". In general, with our choice of the parameters of the root-finding algorithms, we can expect at least 15 digits of precision of the final result for the QNM/QBM, a number which can be increased by increasing further "Digits", but increasing also the computational cost of the calculations.
The stability of the numerical spectra
The numerical results of the QNM and QBM spectra are presented in [Staicova and Fiziev (2015) ]. Here we will focus only on the tests of the numerical stability of those modes. We will consider two types of deviations: deviation in the absolute value of the radial variable and deviations in the argument of radial variable. The QNM/QBM spectra should not depend on the radial variable at all, because ω is a separation constant of the Teukolsky Master Equation. If the spectra depend on r, then either the actual numerical infinity is too low and we need to go further away from the horizon (i.e. increasing |r|), or the spectrum is not QNM/QBM, but a numerical artifact. One should keep in mind that the QNM/QBM are expected to be stable on arg(r) only in a limited region around the direction of steepest descent [Staicova and Fiziev (2015) ], which in principle can be a curve and not a straight line, as in the first approximation.
As discussed in [Staicova and Fiziev (2015) ], we obtained 3 types of spectra: the QNM, the QBM and a spurious spectrum. The last one is not independent on the value of the radial variable, as we demonstrate below. Thus, it cannot be considered a physical solution of the spectral problem, even though its {ω ln , E ln } are formal roots of the spectral system.
The QNM/QBM spectrum
To study numerically the stability of the QNM/QBM spectra, we will work only with the a = 0 case (no rotation) because it is computationally simpler. The results are readily extended to the case with rotation (a > 0).
For the non-rotating case, the spectra are found directly from the radial equation -R 2 = 0 (R 1 = 0) for the QNM (QBM) -since in this case the angular solutions are known: E = l(l + 1), l = 1, 2... This means that we can work with the one-dimensional Müller algorithm, used very successfully in the case of the jet-spectra of the black hole and naked singularities [Staicova and Fiziev (2010) ]. The main difficulty encountered in our previous works was the limited precision of the algorithms evaluating the confluent Heun functions. In Maple version 18 and higher, those algorithms have been redesigned to allow arbitrary precision for HeunC. This facilitated significantly the current stability study and because of it, now it is possible to obtain the QNM and the QBM with arbitrary digits of significance.
The TRE, just as the TAE, has 16 classes of solutions, valid in different sectors of the complex plane. While for the QNM the solution R 2 (r) covers the needed sectors of the complex plane, for the QBM the above solution R 1 (r) requires a significant increase in the parameter Digits compared to R 2 (r) to obtain the same precision. For this reason, we used one of the other, better convergent, solutions of the TRE which are linearly independent of R 2 (r) and have the same roots. The new solution differs from R 1 (r) only because in it α → −α. Similarly, one may find another solution which produces the QNM and it differs from R 2 (r) by change γ → −γ. Over all, there are 4 solutions from which one can obtain the QNM spectra and 4 for the QBM spectra, the only difference being the convergence of the root-finding algorithm.
As mentioned above the QNM/QBM are a discrete set of frequencies numbered n = 0, 1, ... in the direction of increasing absolute value of their imaginary part, thus denoted here as ω n . One can see the QNM/QBM frequencies with n = 0..5 on Fig. 1 a) . On Fig. 1 b) we have plotted the boundary conditions corresponding to the 2 types of spectra.
The study of the stability in this case can be seen on Fig. 2-4 . On them, we focused on the following cases:
Stability of the modes with respect to the parameter Digits in Maple
The results are on Fig. 2 a) where on the x-axis we have plotted the "Digits" in use and on the y-axis the real part of the difference between two consecutive frequencies evaluated for those Digits: ℜ(ω i − ω i−1 )(Digits) for 4 different modes n. Clearly the difference quickly falls to a very small number and for Digits>60 for n = 4, one has ℜ(ω i − ω i−1 ) < 10 −23 . The general tendency is that one needs higher Digits for higher modes. 2. Stability with respect to the absolute value of the radial variable On Fig. 2 b) we have plotted |∆(ω[n])|(|r|) in log-scale on the y-axis, where
. From the plot it is clear that the frequencies depend on |r| only near the horizon, with higher modes depending on r stronger. For the modes on the plot (n = 0..3), |r| > 90 corresponds to the actual radial infinity after which the modes stabilize and remain the same with further increase of |r| (with the difference between two consecutive evaluations < 10 −14 ). 3. Stability with respect to the argument of the radial variable
The QBM and the QNM spectra are stable to the precision required by the root-finding algorithm in a very large interval of epsilon. If we consider r = |r|e π( 3 2 +ǫ) , we find that the QNM frequencies with positive real parts appear for ǫ < −0.5 (i.e. arg(r) > π) and remain stable in an interval on ǫ depending on n -for n = 0, ∆ω . The symmetry with respect to the imaginary axis in the dependence on ǫ is clear -we see that for ǫ < −0.5 the frequencies with the positive real parts disappear and on their place, the root-finding algorithm finds the QNM frequencies with the negative real parts. For the QBM frequencies we observe the inverse behavior -those with the negative real part appear for ǫ > −0.5. This symmetry is due to the fact that the ω ± frequencies of each type are obtained with the same differential equation in a different region of the complex plane. Additionally, one can see that the interval on ǫ moves to the left with the increase of n, which, combined with the need of increasing of the Digits makes the detailed study of the ǫ-dependence for the modes with n > 4 computationally expensive. On Fig. 2 c) the dependence ω n (ǫ) for n = 0 is plotted, but it is representative for the behavior of all modes. Generally, what we observe is a plateau-like region of the ǫ-interval where the frequencies remain stable with more than 20 digits, followed by a region where the frequencies start changing smoothly, but in a very steep manner. All the numerical data point to the stability of the so-obtained frequencies in certain intervals on ǫ and |r|, just as expected by the theory.
Near-extremal regime (a → M ) Let us define the angular velocity of the KBH: Ω = a r 2 + −a 2 , with r ± = M ± √ M 2 − a 2 being the inner and the outer BH horizon; the area of the KBH horizon: A = 4π(r + + a 2 ) and the Hawking temperature: Hod in [Hod (2008) ] derived two analytical formulas for the frequency ω in the near-extremal regime in terms of Ω and T BH , i.e. ω 1 = mΩ − i2πT BH (n + 1/2) and ω 2 = mΩ − i2πT BH (n + 1/2 + iδ), where δ is a complex number. As part of our test of the validity of our numerical results, we tested how well this theoretical formula approximates the so-obtained frequencies. The results can be seen on Fig. 3 . , ω 2 (a) (dot-dashed line), and our numerical results ω n for n=0..2, m=1, l=1 b) and c) ℜ(ω)(a) and ℑ(ω)(a) for our results and ω 2 (a) (the legend is the same).
Clearly, ω 2 fits the numerical results better. On those plots we have used δ = −1/2 + i/6, although for the case m = 2 the best fit is for δ = −1/2 . The deviation from the theoretical formula is less than 5% for a → M , which is surprising considering the fact that the confluent Heun function in this regime is expected to become numerically unstable. The fact that ω 1 does not approximate the frequencies better, even though m = l, may be due to the low n we are using, since the Hod's original approximation was for infinitely damped frequencies (i.e. n very high).
QNMs in physical units
Finally, we would like to calculate the QNM frequencies in physical units for two observationally well-studied objects. From [Kong et al. (2014) ] we know that: LMC X-1 has a 1 * = 0.92, M 1 = 10.91M ⊙ and Cygnus X-1 -a 2 * = 0.983, M 2 = 14.8M ⊙ . Using the formula provided in the Appendix, we find the physical frequencies of the first two QNMs to be: ω 1,2 n=0,m=1 = 1.178kHz, 0.976kHz, τ 1,2 damp = 0.86ms, 1.80ms, ω 1,2 n=1,m=1 = 1.160kHz, 0.968kHz, τ 1,2 damp = 0.29ms, 0.61ms. Clearly, frequencies of less than a kHz damping in a manner of milliseconds, are inaccessible to even the best Earth radio telescopes because of the ionospheric absorption and scattering. A possible lunar or space-based radio telescope could listen below 30MHz, but even then, hearing the ringing of stellar black holes would be extremely difficult because of their matter-rich surrounding which will absorb the EM spectrum. Such observations can be made only if the QNMs are up-scattered by some unknown mechanism to frequencies observable on the Earth. This is an open question facing theoretical and observational astrophysics.
The spurious spectrum
On Fig. 4 , one can see an example of a spurious spectrum corresponding to l = 1, 2. Once again we have a discrete infinite spectrum, although the points on the figure are very closely spaced, and thus the central part looks like a line (see Fig.  4a ). For l = 2 those frequencies change, like in the QNM/QBM case, however the change is less pronounced. From Fig. 4b , it is clear that even though the spurious spectrum is very similar to the QNM/QBM, it doesn't follow the same boundary conditions, with some points corresponding to infinity BHBC (QNM) (ℑ(ω sp ) > −1.19) and the rest -to infinity QBBC (QBM). Because they are roots to both R 1 and R 2 , the boundary condition on r → r + is ambiguous -in those points the functions R 1 (r) and R 2 (r) stop being linearly independent (up to certain numerical precision).
Those roots have been confirmed with the 3 methods of HeunC evaluation in Maple -the direct integration, the series expansion and the Taylor expansion.
The study on the stability in this case is on Fig. 4 -6:
1. Stability of the modes with respect to the parameter Digits This case repeats our study of the Digits dependence on QNM/QBM, so we did not plot this dependence again. As expected, the modes with a bigger imaginary part require higher value for "Digits". 2. Stability with respect to the absolute value of the radial variable
The results are on Fig. 5 a) and b), where we plotted 5 consecutive spurious modes. On Fig. 5 a) one can see how the absolute value of the frequency corresponding to each mode changes with the increase of |r| (the actual infinity). One can see that it decreases, and upon a closer inspection, it seems like the imaginary part of the modes tends to a constant while the real part tends to zero. We could not reach that probable limit up to |r| = 1000, where the calculations become computationally too expensive. One can see hints of such a limit also on Fig. 5 b) , where a complex plot of 5 consecutive modes in the interval for |r| = 110..250 is plotted. On it |r| = 110 is to the right and there is a hint of convergence for the different modes. For the moment, however, such a limit cannot be definitely confirmed numerically. 3. Stability with respect to the argument of the radial variable
The study of the dependence of the modes on arg(r) using the ǫ-method can be seen on Fig. 6 . On it, we have varied ǫ = 0.. ± 1 for one mode with l = 1 (0.044511+.297566i) and one -with l = 2 (0.023201+0.110030i). The interval for ǫ means that the argument is moved in a complete circle in the unit-sphere. As can be seen from the figure, the complex plot of those modes also draws a circle. One can see also the boundary conditions in this case. As mentioned in [Staicova and Fiziev (2015) ], the spurious modes are obtained from both equations (R 1 (r) and R 2 (r)) for the same value of argument -the left branch for arg(r) = 1/2π, the right -for arg(r) = 3/2π. On the plots we have used only points calculated from R 2 (r) but the values obtained from R 1 (r) coincide with them to a precision of 10 −6 . 4. Stability with respect to rotation On Fig. 5 c) we plotted the behavior of one spurious mode with respect to an increase of the rotation from a = 0..M . One can see the characteristic for the confluent Heun functions loops, which occur also for the QNM modes.
Since those modes evolve with rotation all the way to the naked singularity regime, it is important to be able to distinguish them from the QNM/QBM modes by checking the |r| dependence of the resulting frequencies and the boundary conditions. This problem is the most serious for the QNM mode with n = 6 which lies near a spurious mode, (see Fig. 1 ), but considering how densely spaced is the spurious modes spectrum, it could occur also near other modes (for a ∈ [0, M ]). The dependence of the spurious spectrum on the ǫ parameter: a) a complex plot of the frequencies for ǫ = 0.. ± 1 -the positive ǫ is represented with the dashed line. On the plot the inner circle is the l = 2 mode, the outer -the l = 1 modes. b) the real (diamonds) and imaginary (crosses) parts of the frequencies (l = 2) as a function of ǫ c) the boundary conditions for l = 1 (points) and l = 2 (crosses)
It is important to note that those modes are roots not only to the radial equation, but to the spectral system. They can be seen to propagate for a > 0 and even in the naked singularity case -for a > M while the QNM/QBM spectra do disappear for a > M or at least for the moment cannot be located by the root-finding algorithm. Because of their persistence in the numerical results, the only way to recognize the spurious spectra is through the radial stability checks we performed.
Discussions
It is important when discussing the numerical stability of a spectrum to make the difference between the numerical stability of the frequencies, the stability of the obtained spectrum and the stability of the spacetime with the given metric. Above, we emphasized that we discussed the numerical stability of the results as an essential test of how trustable they are. When dealing with numerical solutions, we always work with certain precision and in a certain numerical domain, where the numerical algorithm is applicable. The latter depends on both the theory of the function in question and the numerical routines evaluating it.
In our case, the function we are working with is the confluent Heun function. Because of the irregularity of the singular point at infinity, there are no currently known series expansions working at infinity, and the available asymptotics of the solutions of the confluent Heun equation is not properly developed, too. Thus, one has limited options when dealing with infinity. The method of the continued fraction is one possible way to deal with the problem. With it, one moves the singularities, so that: 0 → ∞, 1 → 0, ∞ → 1. In this way, the series is convergent from z = 0 to the next nearest singularity z = 1 which corresponds to infinity. With this method, one obtains a continued fractions for the coefficients of the recurrence, from which the r−variable is missing. The limits of applicability of this method are only partially known -for example, it does not work for purely imaginary modes. What is more important, this method does not address the fact that there are 16 classes of solutions of the confluent Heun type valid in different parts of the complex plane. There is also the problem with the branch cuts spectra needed for the full description of the perturbation ( [Casals and Ottewill (2012) , Casals and Ottewill (2013)] ). Finally, observations of the effect of the Stokes and Anti-Stokes lines were noted in works utilizing the phase-amplitude method by Andersson [Andersson (1992) ]. All those details point to the need of proper development of the theory of the confluent Heun equation and its solutions, in order to have clarity about the area of applicability of the different methods and their physical interpretation. In our case, to test the numerical stability of our results, we compare the output of the 3 methods of evaluation of the confluent Heun function currently implemented in Maple -direct integration, Taylor expansion and continuation of the series expansion around z = 1, and then we check if small deviations in the parameters lead to significant changes in the frequencies. We also plot the Stokes and Anti-Stokes contours, as well as a 3rd complex plot of the function around a root for a = 0. All those tests point to numerical stability of the QNM and QBM spectra and to instability of the third one.
It is important to note that the QNM problem in black holes is an analogue to the one of finding the poles of the S-matrix of the Schrodinger equation. In Quantum Mechanics, those poles depending on the boundary conditions may correspond to bound states, virtual states or resonant states. All of them correspond to different boundary conditions in which one may deal with solutions with exponentially decreasing or increasing asymptotics (bound states or resonances). In astrophysics, because of the existence of the horizon on one of the boundaries of the S-matrix and, furthermore, the fact that all the frequencies are complex, one cannot apply directly the same terminology and methods to the problem. For this reason, we work with quasinormal modes and quasi-bound modes, even though the bound states in Quantum Mechanics are purely imaginary modes. In quantum mechanics, the branch cut of the S-matrix also plays an important and well-known role. In the theory of QNM we have currently a very limited number of works on this approach ( [van den Brink (2000) , Leung and van den Brink (2003) , Casals and Ottewill (2012) ], [Casals and Ottewill (2013) 
]).
Apart from the numerical stability, one also may discuss the physical stability of the spectrum. Here with "spectrum", we refer to the solutions of the spectral problem defined by the exact solutions of the differential equations and the boundary conditions we impose on them. As known from the theory of the differential equations, different boundary conditions describe different physical objects, even though they are governed by the same differential equation. In this context, we can divide the different spectra into stable and unstable. For example, the spectrum obtained from black hole boundary conditions in our work has been found to be physically stable, i.e. corresponding to perturbations which damp with time. On the other hand, the spectrum corresponding to the quasibound modes is clearly physically unstable, because the perturbations grow with time. There could be an other explanation, however. As mentioned in [Staicova and Fiziev (2015) ], the ranges of the Boyer-Lindquist coordinates for the Kerr metric are: 0 ≤ r ≤ ∞, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, −∞ < t < ∞. In the case of the standard substitution Ψ = e i(ωt+mφ) S(θ)R(r), the perturbation will damp with time for ℑ(ω) > 0 and t > 0. For t < 0 the perturbation will grow exponentially for the same condition. For the QBM spectra, the situation reverses and for ℑ(ω) < 0 the perturbations will damp with time for t < 0 and grow exponentially for t > 0. Considering the full range of the variables is not unusual. For example in [Garcia-Compean and Manko (2012) ], the standard extension −∞ < r ≤ 0, M > 0, equivalent to r ≥ 0, M < 0 was already considered. Also, it is known that the metric is invariant under the changes t → −t, φ → −φ, meaning that the inversion of time can be considered as inversion of the direction of rotation. Therefore, both QNM and QBM are valid frequencies in the whole range for the variables of the problem.
Finally, the question of the stability of the physical object described by the metric is more complicated and has a long history (for example [Wald (1979) , Vishveshwara (1979) , Dotti et al. (2008 ),Beyer (2001 ). In many of those studies, linear perturbation theory was used with certain ambiguity in the definitions. When one speaks of the stability of the Schwarzschild black hole, one implies that the boundary conditions will be those of a black hole (BHBC). The Schwarzschild metric, however, just like the Kerr metric, in linear perturbation theory, allows one to impose other types of boundary conditions -both the inverse BH conditions which we call QBBC or the total-transmission modes boundary conditions. In those cases, however, one deviates from the classical description of a black hole since the waves are not entering the horizon, but moving away from it. This problem becomes even more complicated when we work with the Kerr metric. The Kerr metric according to the theory has 2 horizons (r ± ) and one physical singularity (r = 0), which is singularity of the scalar invariants of the metric. This definition usually ignores the differential invariants where the horizons are also visible. What is more important, the singularities visible for the differential equation when a = 0 are only the two horizons and infinity. Because of this, following the theory of ordinary differential equations, one needs to impose the boundary conditions on two of those singularities in order to specify the singular spectral problem. Usually, one regards the inner horizon as physically not interesting and imposes the boundary conditions on the outer event horizon and infinity. But there have been studies in which one imposes the boundary conditions on two horizons, which have shown that the region between the two horizons is unstable with respect to linear perturbations. This poses the question of the physical interpretation of the different regions of the Kerr metric and their analytical extensions. In any case, there are 3 different types of boundary conditions -BHBC, QBBC and TTM -which correspond to different physical situations occurring on the background of the Kerr metric and their study has its theoretical value.
Conclusion
The quasinormal modes are a well-known and seriously studied problem in gravitational physics. They have been extensively used in different studies, but one significant problem has remained and it is related to the theory of the confluent Heun functions and their roots. In series of articles, we have studied different physical configurations using the confluent Heun functions in Maple and we demonstrated that this method can lead to interesting scientific results, however, this novel approach also requires the development of new numerical tools and methods that are able to deal with the complexity of the Heun differential equations and their solutions.
In this article, by using the exact solutions of the TRE and TAE, we were able to impose different boundary conditions on them, describing QNM and QBM. By checking the numerical stability of the so obtained spectra in both |r| and arg(r), we were able to sift out the physical solutions from the spurious ones, with clear theoretical justification. This proves that the new approach indeed leads to a better understanding of the problem in question and also points to the huge potential which any improvement in the theory of the Heun functions offers to physics.
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